Abstract. In this paper, we will consider an arithmetic analogue of relative Bogomolov's inequality in [14] . We also establish arithmetic Riemann-Roch formulae for stable curves over regular arithmetic varieties and generically nite morphisms of arithmetic varieties.
Introduction
Let X and Y be smooth algebraic varieties over an algebraically closed eld of characteristic zero, and f : X ! Y a semi-stable curve. Let E be a vector bundle on X of rank r, and y a point of Y . In [14] , the second author proved that if f is smooth over y and Ej X y is semistable, then dis X=Y (E) = f 3 (2rc 2 (E) 0 (r 0 1)c 2 1 (E)) is weakly positive at y.
In this paper, we would like to consider an arithmetic analogue of the above result. Let us x regular arithmetic varieties X and Y , and a semistable curve f : X ! Y . Since we have a good dictionary for translation from a geometric case to an arithmetic case, it looks like routine works. There are, however, two technical diculties to work over the standard dictionary.
The rst one is that how can we dene a push-forward of arithmetic cycles in our situation.
If f Q : X Q ! Y Q is smooth, then, according to Gillet-Soul e's arithmetic intersection theory [4] , we can get the push-forward f 3 : c CH p+1 (X) ! c CH p (Y ). We would not like to restrict ourself to the case where f Q is smooth because in the geometric case, weak positivity of dis X=Y (E) gives wonderful applications to analyses of the boundary of the moduli space of stable curves. Thus the usual push-forward for arithmetic cycles is insucient for our purpose. A diculty to dene the push-forward arises from a fact: if f C : X(C) ! Y (C)
is not smooth, then (f C ) 3 () is not necessarily C 1 even for a C 1 form . This suggests us that we need to extend the usual arithmetic Chow groups dened by Gillet-Soul e [4] . For this purpose, we will introduce an arithmetic L 1 -cycle of codimension p, namely, a pair (Z; g) such that Z is a cycle of codimension p, g is a current of type (p 0 The second diculty is existence of a suitable Riemann-Roch formula in our situation.
As before, if f Q : X Q ! Y Q is smooth, we know the arithmetic Riemann-Roch theorem Date : 20/November/1997, 9:30AM, (Version 2.0). The rst author is partially supported by JSPS Research Fellowships for Young Scientists. Let (E; h) be a Hermitian vector bundle of rank r on X, and c dis X=Y (E; h) an arithmetic discriminant divisor of (E; h) with respect to f : X ! Y , that is, an element of c CH 1
given by f 3 (2rb c 2 (E; h) 0 (r 0 1)b c 1 (E; h) 2 ). We assume that f is smooth over y and Ej X y is poly-stable. In a case where dim X = 2 and Y = Spec(O K ), Miyaoka [10] , Moriwaki [11, 12, 13] , and Soul e [16] Finally, we would like to give a rough sketch of the proof of the above theorem, which, we believe, provides readers with some hints to read this paper.
Step 1. Using the Donaldson's Lagrangian, we reduce to a case where the Hermitian metric h of E along f 01 C (z) is Einstein-Hermitian for each z 2 S.
Step 2. We set F n = Sym n 0 End(E) f 3 (H) 1 A f 3 
(H);
where A is a Hermitian line bundle on X and H is a Hermitian line bundle on Y . Later we will specify these A and H. By virtue of arithmetic Riemann-Roch for stable curves (cf. where h n is a generalized metric of det Rf 3 (F n ) such that b c 1 (det Rf 3 (F n ); h n ) 2 c CH 1 L 1 (Y ) and h n coincides with the Quillen metric h F n Q at each z 2 S.
Step 3. We assume that A is very ample and A! 01 X=Y is ample. We choose an arithmetic Applying Riemann-Roch formula for generically nite morphisms (cf. Theorem 4.2.1), we can nd a generalized metric g n of det g 3 (G n ) such that g n is equal to the Quillen metric of G n at each z 2 S, b c 1 (det g 3 (G n ); g n ) 2 c CH 1 L 1 (Y ), and lim n!1 b c 1 (det g 3 (G n ); g n ) n r 2 +1 = 0:
Let us consider an exact sequence: 0 ! f 3 (F n ) ! g 3 (G n ) ! R 1 f 3 (F n A 02 ) induced by 0 ! F n A 02 ! F n ! G n ! 0. Let Q n be the image of g 3 (G n ) ! R 1 f 3 (F n A 02 ):
The natural L 2 -metric of g 3 (G n ) around z induces the quotient metricq n of Q n around z for each z 2 S. Thus, we can nd a C 1 metric q n of det Q n such that q n is equal to detq n at each z 2 S.
Since det Rf 3 (F n ) = det g 3 (G n ) (det Q n ) 01 0 det R 1 f 3 (F n ) 1 01 ;
we have a generalized metric t n of det R 1 f 3 (F n ) such that (det Rf 3 (F n ); h n ) = (det g 3 (G n ); g n ) (det Q n ; q n ) 01 (det R 1 f 3 (F n ); t n ) 01 :
Step 4. We set a n = max z2S flog t n (s n ; s n )(z)g, where s n is the canonical section of det R 1 f 3 (F n ). In this step, we will show that b c 1 (det Q n ; q n ) is semi-ample at y with respect to S and a n O(n r 2 log(n)). Semi-ampleness of b c 1 (det Q n ; q n ) at y is derived from Proposition 3.7.1 and the fact that g 3 (End(E)
B ) H and g 3 (A B ) H are generated by small sections at y with respect to S. The estimation of a n involves asymptotic behavior of analytic torsion (cf. Corollary 6.5) and a comparison of sup-norm with L 2 -norm (cf. Lemma 8.1.1).
Step 5. Thus, using the last equation in Step 3, we can get a decomposition 0 b c 1 (det Rf 3 (F n ); h n ) n r 2 +1 = n + n such that n is semi-ample at y with respect to S and lim n!1 n = 0.
1. Locally integrable forms and their push-forward 1.1. Locally integrable forms. Let M be an n-dimensional orientable dierential manifold. We assume that M has a countable basis of open sets. Let ! be a C 1 which shows us that local integrability does not depend on the choice of the volume form !. Moreover, it is easy to see that, for a measurable complex valued function f on M, the following are equivalent.
(a) f is locally integrable. (1) T is represented by a L 1 -form.
(2) For any 2 A n0p (M), c ! (T^) is represented by a locally integrable function.
Proof.
(1) =) (2): Let 2 A n0p (M). Then, by our assumption, for any point x 2 M,
there are an open neighborhood U of x, C 1 functions a 1 ; : : : ; a r on U, and locally integrable functions b 1 ; : : : ; b r on U such that
Thus, if K is a compact set in U, then
Thus, we get (2). Let U be an open neighborhood of a point x 2 M and (x 1 ; : : : ; x n ) a local coordinate of U such that dx 1^1 1 1^dx n coincides with the orientation by !. Then, there is a positive C 1 function a on U with ! = adx 1^1 1 1^dx n over U. We set T = X i 1 <111<i p T i 1 111ip dx i 1^1 1 1^dx ip for some distributions T i 1 111i p . We need to show that T i 1 111i p is represented by a locally integrable function. Since M has a countable basis of open sets, by the above claim, it is sucient to check that T i 1 111ip is represented by an integral function on every compact set K in U. Let f be a non-negative C 1 function on M such that f = 1 on K and supp(f) U. Choose i p+1 ; : : : ; i n such that fi 1 ; : : : ; i n g = f1; : : : ; ng. Here we set = fadx i p+1^1 1 1^dx in . Then, 2 A n0p (M) and T^ = T i 1 111ip fadx 1^1 1 1^dx n = T i 1 111ip f!; where = 1 or 01 depending on the orientation of fx i 1 ; : : : ; x i n g. (1) This is standard. Thus, we get our claim. Hence, as in the proof of (1), using the dieromorphism h and (3) of Lemma 1.2.1, we can see (2). In the same way,
On the other hand, we have
Hence
2 Let X be an equi-dimensional complex manifold, i.e., every connected component has the same dimension. We denote by A p;q (X) the space of C 1 complex valued (p; q)-forms on X. Let A p;q c (X) be the subspace of compactly supported forms. Let D p;q (X) be the space of currents on X of type (p; q). 
Thus,
2. Variants of arithmetic Chow groups 2.1. Notation for arithmetic varieties. An arithmetic variety X is an integral scheme which is at and quasi-projective over Spec(Z), and has the smooth generic ber X Q .
Let us consider a C-scheme X Z C. We denote the underling analytic space of X Z C by X(C). We may think X(C) as a set of all C-valued points of X. Let F 1 : X(C) ! X(C) be an anti-holomorphic involution given by the complex conjugation. On the arithmetic variety X, every (p; p)-form is always assumed to be compatible with F 1 , i.e., F 3 1 () = (01) p .
Let E be a locally free sheaf on X of nite rank, and : E E E ! X the vector bundle associated with E, i.e., E E E = Spec ( L 1 n=0 Sym n (E)). As before, we have an analytic space E E E(C) and an anti-holomorphic involution F 1 : E E E(C) ! E E E(C). Then, C : E E E(C) ! X(C) is a holomorphic vector bundle on X(C), and the following diagram is commutative:
Here note that F 1 : E E E(C) ! E E E(C) is anti-complex linear at each ber. Let h be a C 1 Hermitian metric of E E E(C). We can think h as a C 1 function on E E E(C) 2 X(C) E E E(C). For simplicity, we denote by (ii) (0; @() + @()), where 2 D p02;p01 (X(C)), 2 D p01;p02 (X(C)).
Here we dene On the other hand,
Moreover, by Proposition 1. Z q D (X). This denition, however, works only under the assumption that Y and Z intersect properly. Usually, by using Chow's moving lemma, we can avoid the above assumption. This is rather complicated, so that in this paper we try to use the standard arithmetic intersection theory to dene the scalar product. 
Thus, we have a bilinear homomorphism 
The rst assertion is obvious because g and g Z are L 1 -forms. Further, we can easily see the second assertion because
Gathering all observations, we can conclude the following proposition, which is a generalization of [ 
Let (Z; g) be a representative of z. Clearly, we may assume that Z is reduced and irreducible. We set T = f(Z) and = fj Z : Z ! T . If dim T < dim Z, then our assertion is trivial. Thus, we may assume that dim T = dim Z. Let s be a rational section of Lj T .
Then, 3 (s) gives rise to a rational section of f 3 
Hence, we get our proposition. 
(fj U ) for any non-zero rational functions f on X, the above induces a homomorphism 
Suppose that i 3 () = 0 for some 2 c CH 1 To know when a metric of a line bundle dened over a dense Zariski open set extends to a generalized metric, the following lemma is useful. This shows us that is a positive C 1 function on U and h = h 0 over U. On the other hand, log = log h(s; s) 0 log h 0 (s; s): Here since log h(s; s); log h 0 (s; s) 2 L 1 loc (X), we have log 2 L 1 loc (X). Thus, if we set ' = log , then ' 2 L 1 loc (X) and h = e ' h 0 . 3.3. Semi-ampleness and small sections. Let X be an arithmetic variety and S a subset of X(C). We set c CH 1
In the same way, we can dene c CH 1 We remark that 2 c CH 1 L 1 (X; S) Q by the condition (c). Moreover, it is easy to see that if 1 and 2 are semi-ample at x with respect to S, so is 1 + 2 for all non-negative rational numbers and .
In terms of a natural action of Gal(Q=Q) on X(Q), we can consider the orbit O Gal(Q=Q) (x) of x. If we x an embedding Q ! C, we have an injection X(Q) ! X(C). It is easy to see that the image of O Gal(Q=Q) (x) does not depend on the choice of the embedding Q ! C.
By abuse of notation, we denote this image by O Gal(Q=Q) (x). Then, O Gal(Q=Q) (x) is one of examples of S.
Let U be a Zariski open set of X, and F a coherent O X -module such that F is locally free over U. Let h F be a C 1 Hermitian metric of F over U(C). We assume that S U(C). For a point x 2 U(Q), we say (F; h F ) is generated by small sections at x with respect to S if there are sections s 1 ; : : : ; s n 2 H 0 (X; F ) such that F x is generated by s 1 ; : : : ; s n and h F (s i ; s i )(z) 1 for all 1 i n and z 2 S. Proposition 3.3.1. We assume that X is regular and S U(C). For an element (Z; g)
) is semi-ample at x with respect to S if and only if there is a positive integer n such that O X (n(Z; g)) is generated by small sections at x with respect to S.
First, we assume that (Z; g) is semi-ample at x with respect to S. Then, there is a (E; f) 2 b Z 1 L 1 (X; S) and positive integer n such that n(Z; g) (E; f), E is eective, x 6 2 Supp(E), and f(z) 0 for each z 2 S. Then, by Proposition 3.2.1, O X (n(Z; g)) ' O X ((E; f)). Moreover, if h is the metric of O X ((E; f)) and 1 is the canonical section of O X (E) with div(1) = E, then 0 log(h(1; 1)) = f. Here f(z) 0 for each z 2 S. Thus, h(1; 1)(z) 1 for each z 2 S. Therefore, O X ((E; f)) is generated by small sections at x with respect to S.
Next we assume that O X (n(Z; g)) is generated by small sections at x with respect to S for some positive integer n. Then, there is a section s of O X (nZ) such that h(s; s)(z) 1 for each z 2 S. Thus, if we set E = div(s) and f = 0 log h(s; s), then we can see (Z; g) is semi-ample at x with respect to S. (1) (L; h) is generated by small sections at x with respect to U(C). (2) (L; h) is generated by small sections at x with respect to any nite subsets S of U(C).
Clearly, (1) implies (2). So we assume (2) . First of all, we can easily nd There is a natural homomorphism
such that the restriction ofx 3 to c CH 1 (X) Q coincides with the usual pull-back homomorphism.
Let 2 c CH 1
Z 1 L 1 (X; S) and a positive integer e such that the class of (1=e)(Z; g) in c CH 1 
2
Before starting a general case, let us consider the following lemma.
Lemma 3.6.2. We assume that S is compact. Let be an element of c CH 1 L 1 (X) Q such that is ample at x with respect to S. Then, we have the following. (1) First, we claim that there is a positive number t 0 such that t+ is semi-ample at x with respect to S for all rational numbers t t 0 .
Let We would like to nd a positive integer n 2 with n 2 f(z) + h(z) 0 for all z 2 S. Let U be an open set of X(C) such that S U, and !(A; f) and !(Z; h) are C 1 over U. We set = exp(0f) and = exp(0h). Then, and are continuous on U, and 0 < 1 on S. Since n 2 f + h = 0 log( n 2 ), it is sucient to nd a positive integer n 2 with n 2 1 on S. If we set a = sup z2S (z) and b = sup z2S (z), then 0 a < 1 and 0 b because S is compact. Thus, there is a positive integer n 2 with a n 2 b 1. Therefore, n 1 1 on S.
Here we set t 0 = (n 1 + n 2 )n 0 e 01 . In order to see that t + is semi-ample at x with respect to S for t t 0 , it is sucient to show that (n 1 + n 2 )n 0 + e is semi-ample at x with respect to S because et (n 1 + n 2 )n 0 . Here (n 1 + n 2 )n 0 + e n 2 (A; f) + (n 1 (A; f) + (D; g)) n 2 (A; f) + (Z; h) = (n 2 A + Z; n 2 f + h);
x 6 2 Supp(n 2 A+Z), and (n 2 f +h)(z) 0 for all z 2 S. Thus, (n 1 +n 2 )n 0 +e is semi-ample at x with respect to S. Hence, we get our claim.
In the same way, we can nd a positive number t 1 such that t 0 is semi-ample with respect to S for all t t 1 . Thus, if we set 0 = minf1=t 0 ; 1=t 1 g, then we have (1).
(2) In the same way as in the proof of (1), we can nd a positive number 0 such that (f + n 0 g)(z) 0 for all z 2 S and all real number with jj 0 . Thus we have (2) because n 0 ( + a(g)) (A; f + n 0 g). 2
Proposition 3.6.3. We assume that S is compact. Let be an element of c CH 1 L 1 (X; S) Q . Then the following are equivalent.
(1) is weakly positive at x with respect to S.
(2) + is semi-ample at x with respect to S for any ample 2 c CH 1 L 1 (X; S) Q at x with respect to S.
(1) =) (2): Since is weakly positive at x with respect to S, there is a sequence of f n g such that n 2 c CH 1 L 1 (X; S) Q , n 's are semi-ample at x with respect to S, and lim n!1 n = . Take Z 1 ; : : : ; Z l 1 , g 1 ; : : : ; g l 2 , fa 1 n g 1 n=1 ; : : : ; fa l 1 n g 1 n=1 , and fb 1 n g 1 n=1 ; : : : ; fb l 2 n g 1 n=1
as in the denition of the limit in c CH 1 L 1 (X; S) Q . Then, by Lemma 3.6.2, there is a positive number 0 such that + Z i 's are semi-ample at x with respect to S for all rational numbers with jj 0 , and + a(g j )'s are semi-ample at x with respect to S for all real numbers with jj 0 . We choose n such that (l 1 + l 2 )ja i n j 0 and (l 1 + l 2 )jb j n j 0 for all i and j.
Then,
Here, + (l 1 + l 2 )a i n Z i and + a((l 1 + l 2 )b j n g j ) are semi-ample x with respect to S. Thus, we get the direction (1) =) (2).
(2) =) (1): Let be an element of c CH 1 L 1 (X) Q such that is ample at x with respect to S. We set n = + (1=n). Then, by our assumption, n is semi-ample at x with respect to S. Further, = lim n!1 n . and y 2 U(Q). Then, we have the following.
(1) Let : E ! Q be a homomorphism of coherent O X -modules such that is surjective over g 01 (U), and E and Q are locally free over g 01 (U). Let h E be a C 1 Hermitian metric of E over g 01 (U)(C), and h Q the quotient metric of Q induced by h E . If (g 3 (E); g 3 (h E )) is generated by small sections at y with respect to S, then (g 3 (Q); g 3 (h Q )) is generated by small sections at y with respect to S.
(2) Let E 1 and E 2 be coherent O X -modules such that E 1 and E 2 are locally free over g 01 (U). Let h 1 and h 2 be C 1 Hermitian metrics of E 1 and E 2 over g 01 (U)(C). If (g 3 (E 1 ); g 3 (h 1 )) and (g 3 (E 2 ); g 3 (h 2 )) are generated by small sections at y with respect to S, then so is (g 3 (E 1 E 2 ); g 3 (h 1 h 2 )). (3) Let E be a coherent O X -module such that E is locally free over g 01 (U). Let h E be a C 1 Hermitian metric of E over g 01 (U)(C). If (g 3 (E); g 3 (h E )) is generated by small sections at y with respect to S, then (g 3 (Sym n (E)); g 3 (Sym n (h E ))) is generated by small sections at y with respect to S. (For the denition of Sym n (h E ), see x7.1.) (4) Let F be a coherent O Y -module such that F is locally free over U. Let h F be a C 1 -Hermitian metric of F over U(C). Since det(F )j U is canonically isomorphic to det(F j U ), det(h F ) gives rise to a C 1 Hermitian metric of det(F ) over U(C). If (F; h F ) is generated by small sections at y with respect to S, then so is (det(F ); det(h F )).
(1) By our assumption, g 3 () : g 3 (E) ! g 3 (Q) is surjective over U. Let s 1 ; : : : ; s l 2 H 0 (Y; g 3 (E)) = H 0 (X; E) such that g 3 (E) y is generated by s 1 ; : : : ; s l and g 3 (h E )(s i ; s i )(z) 1 for all i and z 2 S. Then, g 3 (Q) y is generated by g 3 ()(s 1 ); : : : ; g 3 ()(s l ). Moreover, by the denition of he quotient metric h Q ,
for all z 2 S. Hence, g 3 (Q) is generated by small sections at y with respect to S.
(2) Since g is etale over U, : g 3 (E 1 ) g 3 (E 2 ) ! g 3 (E 1 E 2 ) is surjective over U. By our assumption, there are s 1 ; : : : ; s l 2 H 0 (Y; g 3 (E 1 )) and t 1 ; : : : ; t m 2 H 0 (Y; g 3 (E 2 )) such that g 3 (E 1 ) y (resp. g 3 (E 2 ) y ) is generated by s 1 ; : : : ; s l (resp. t 1 ; : : : ; t m ), and g 3 (h 1 )(s i ; s i )(z) 1 and g 3 (h 2 )(t j ; t j )(z) 1 for all i, j and z 2 S. Then, g 3 (E 1 E 2 ) y is generated by f(s i t j )g i;j . Moreover, g 3 (h 1 h 2 )((s i t j ); (s i t j ))(z) = Then, det(F ) = det(F=F tor ) det(F tor ). Noting that F tor = 0 on U, let g be a Hermitian metric of det(F=F tor ) over U(C) given by det(h F ). Then, there is a Hermitian metric k of det(F tor ) over U(C) such that (det(F ); det(h F )) = (det(F=F tor ); g) (det(F tor ); k) over U(C). If we identify det(F tor ) with O Y over U, k is nothing more than the canonical metric of O Y over U(C).
Let us x a locally free sheaf P on Y and a surjective homomorphism P ! F tor . Let P 0 be the kernel of P ! F tor . Here V rk P 0 P 0 3 is an invertible sheaf on Y because Y is regular.
Thus we may identify det(F tor ) with rk P P rk P 0 P 0
Further, a homomorphism V rk P 0 P 0 ! V rk P P induced by P 0 , ! P gives rise to a non-zero section t of det(F tor ) because Here F tor = 0 on U. Thus, det(F tor ) is canonically isomorphic to O Y over U. Since P 0 = P over U, under the above isomorphism, t goes to the determinant of P 0 id 0! P , namely 1 2 O Y over U. Thus, k(t; t)(z) = 1 for each z 2 S.
Let s i be the image of s i in F=F tor . Then, s 1^1 1 1^s r gives rise to a section s of det(F=F tor ). Thus, s t is a section of det(F ). By our construction, (s t)(y) 6 = 0. Moreover, using
Hadamard's inequality, det(h F )(s t; s t)(z) = g(s; s)(z) 1 k(t; t)(z) = det (h(s i ; s j )(z)) h(s 1 ; s 1 )(z) 1 1 1 h(s r ; s r )(z) 1 for each z 2 S. Thus, we get (4). If y 2 W is a complex point and X y = fx 1 ; x 2 ; 1 1 1 ; x n g the ber of f over y, then we have det Rf 3 (E) y = det H 0 (X y ; E):
The Quillen metric on det Rf 3 (E) over W is dened as follows. On H 0 (X y ; E) the L 2 -metric is dened by the formula:
h(s; t)(x ); where s; t 2 H 0 (X y ; E). This metric naturally induces the L 2 -metric on det H 0 (X y ; E).
Since X y is zero-dimensional, there is no need for zeta function regularization to obtain the Quillen metric. Thus the Quillen metric h E Q on det Rf 3 (E)j W is dened by the family of hermitian line bundles fdet H 0 (X y ; E)g y2W with the induced L 2 -metrics pointwisely.
To see that the Quillen metric over W extends to a generalized metric over Y , let s 1 ; s 2 ; 1 1 1 ; s r be rational sections of E such that at the generic point of every connected component of X, they form a basis of E. Also let ! 1 ; ! 2 ; 1 1 1 ; ! n be rational sections of To proceed with our argument, we need the following lemma. It is easy to see that every n i is the maximal ideal and that mB = n 1 n 2 1 1 1 n n . Let X =` 2A X be the decomposition into connected components of X. Since f is proper, A is a nite set. We set f = fj X and (E ; h ) = (E; h)j X . Then We prove the theorem in two steps.
Step 1. First, we assume that f Q : X Q ! Y Q is smooth. In this case, by [6] , On the other hand, since the power series R(x) has no constant term, (1; 1) part of ch(E C ) td(T f C )R(T f C ) is rk(E)R 1 (T f C ), where R 1 (T f C ) is the (1; 1) part of R(T f C ). Therefore, we obtain Step 2. Next, we consider the general case. The rst assertion is a consequence of Theorem 5.1.1 because using Theorem 5. In the following we closely follow [17, x2] .
The Theta function associated with (1 0 q;n ) is dened by We put q;n (s) = 1 rk(Sym n (E)) n 0d 1 0(s) Z 1 0 2 q;n t n t s dt t :
Then we have 1 rk(Sym n (E)) n 0d q;n (s) = n 0s q;n (s) and thus 1 rk(Sym n (E)) n 0d 0 q;n (0) = 0(log n) q;n (0) + 0 q;n (0) (6.1) Bismut and Vasserot [3, (14) ,(19)] showed that 2 q;n (t) has the following properties (note that these parts of [3] In the last expression, the rst integral is holomorphic for all s 2 C, while the second integral is holomorphic for <(s) > 0k 0 1; the middle term is a meromorphic function in the whole complex plane.
Putting k = 0 and s = 0 in the above equation, we havẽ q;n (0) = a 0 q;n : (6. We have now the following Proposition. In the rst term of the right hand side, a 0 q;n is bounded with respect to n by (b). In the second term of the right hand side, the rst integral is non-negative; the sum of a j q;n 's is bounded with respect to n by (b); the term 0a 0 q;n 0 0 (1) is also bounded with respect to n by (b); the second integral is also bounded with respect to n, for 0 q;n (t) = O(t) uniformly with respect to n. Moreover, rk(Sym n (E)) = n + r 0 1 r 0 1
as n ! 1. Thus, there is a constant c such that for all n 2 N, 0 q;n (0) 0cn d+r01 log n: 2
In the following sections, we only need the case of d = 1, namely when M is a compact Riemann surface. In this case, the above Proposition 6.4 gives an asymptotic upper bound of analytic torsion. Proof.
In [16] , C. Soul e gives similar formulae in implicit forms. We follow his idea to calculate them.
(1) First of all, we x notation. We set Thus, we get (7.1.1.2). Therefore, combining (7.1.1.1) and (7.1.1.2), we obtain (1).
(2) First, we recall an elementary fact. Let 8 2 R[X 1 ; : : : ; X r ] be a symmetric homogeneous polynomial, and M r (C) the algebra of complex r 2r matrices. Then, there is a unique polynomial map 8 : M r (C) ! C such that 8 is invariant under conjugation by GL r (C) and its value on a diagonal matrix diag( 1 ; : : : ; r ) is equal to 8( 1 ; : : : ; r ).
Let us consider a natural homomorphism Proof.
This is an easy consequence of the fact that if F is a vector bundle on C, then deg(F ) = deg(F ). (a) U n U, (b) (fj M ) 3 (F n j M ) coincides with g 3 (G n ) over U n , (c) R 1 f 3 (F n ) = 0 over U n , and (d) f 3 (F n ), g 3 (G n ) and Q n are locally free over U n .
Then, y 2 U n (Q) and S U n (C). For, since A ! 01
X=Y is ample on X y and E is semi-stable on X y , we can see that R 1 f 3 (F n ) = 0 around y, which implies that f 3 (F n ) is locally free around y. Further, since f 3 (F n ) and (fj M ) 3 (F n j M ) are free at y, R 1 f 3 (F n ) = 0 around y, and (fj M ) 3 (F n j M ) coincides with g 3 (G n ) around y, we can easily check that Q n is free at y. Thus, y 2 U n (Q). In the same way, we can see that S U n (C).
Next let us consider a metric of det Q n . g 3 (G n ) has the Hermitian metric (fj M ) 3 (k n j M ) over U n (C), where k n is the Hermitian metric of F n . Letq n be the quotient metric of Q n over U n (C) induced by (fj M ) 3 (k n j M ). Let q n be a C 1 Hermitian metrics of det Q n over Y (C) such that F 3 1 (q n ) = q n and q n (z) = detq n (z) for all z 2 S. (If q n is not invariant under F 1 , then consider (1=2) q n + F 3 1 (q n )
.)
Here since det Rf 3 (F n ) ' det f 3 (F n ) (det R 1 f 3 (F n )) 01 and det f 3 (F n ) ' det g 3 (G n ) (det Q n ) 01 , we have det Rf 3 (F n ) ' det g 3 (G n ) (det Q n ) 01 0 det R 1 f 3 (F n ) 1 01 :
Further, we have metrics h n , g n and q n of det Rf 3 (F n ), det g 3 (G n ) and det Q n . Thus, there is a generalized metric t n of det R 1 f 3 (F n ) such that the above is an isometry. As in the proof of Proposition 3.7.1, let us construct a section of det R 1 f 3 (F n ). First, we x a locally free sheaf P n on Y and a surjective homomorphism P n ! R 1 f 3 (F n ). Let P 0 n be the kernel of P n ! R 1 f 3 (F n ). Then, P 0 n is a torsion free sheaf and has the same rank as P n because R 1 f 3 (F n ) is a torsion sheaf. Noting that Moreover, a homomorphism V rk P 0 n P 0 n ! V rk Pn P n induced by P 0 n , ! P n gives rise to a nonzero section s n of det R 1 f 3 (F n ). Note that s n (y) 6 = 0 and s n (z) 6 = 0 for all z 2 S because R 1 f 3 (F n ) = 0 at y and z.
Here we set a n = max z2S flog t n (s n ; s n )(z)g:
By our construction, we have b c 1 (det R 1 f 3 (F n ); e 0a n t n ) 2 c CH 1
and an isometry (8.2.1.8) (det Rf 3 (F n ); h n ) ' (det g 3 (G n ); g n ) (det Q n ; q n ) 01 (det R 1 f 3 (F n ); e 0a n t n ) 01 (O Y ; e 0a n h can ):
Here we claim: Claim 8.2.1.9. (det Q n ; q n ) is generated by small sections at y with respect to S.
First of all, g 3 ( 3 (F ) g 3 (H)) = g 3 ( 3 (F )) H and g 3 ( 3 (A) g 3 (H)) = g 3 ( 3 (A)) H are generated by small section at y with respect to S. Thus, by (2) and (3) of Proposition 3.7.1, g 3 (G n ) = g 3 (Sym n ( 3 (F ) g 3 (H)) 3 (A) g 3 (H)) is generated by small sections at y with respect to S. Thus, by (1) of Proposition 3.7.1, (Q n ;q n ) is generated by small sections at y with respect to S. Hence, by (4) of Proposition 3.7.1, (det Q n ; q n ) is generated by small sections at y with respect to S because q n (z) = detq n (z) for all z 2 S. 2
Next we claim:
Claim 8.2.1.10. a n O(n r 2 log(n)).
It is sucient to show that log t n (s n ; s n )(z) O(n r 2 log(n)) for each z 2 S. Let fe 1 ; : : : ; e l n g be an orthonormal basis of g 3 (G n ) (z) with respect to g 3 (k n j B )(z) such that fe 1 ; : : : ; e mn g forms a basis of f 3 (F n ) (z). Then, e 1^1 1 1^e mn , e 1^1 1 1^e ln and e m n +1^1 1 1^ e l n form bases of det(f 3 (F n )) (z), det(g 3 (G n )) (z), and det(Q n ) (z) respectively, and (e 1^1 1 1^e mn ) ( e mn+1^1 1 1^ e ln ) = e 1^1 1 1^e ln , where e mn+1 ; : : : ; e ln are images of e m n +1 ; : : : ; e l n in Q n (z). Then, (e 1^1 1 1^e m n ) s 01 n 2 h n (z) = je 1^1 1 1^e l n j 2 gn (z) j e mn+1^1 1 1^ e ln j 2 q n (z)js n j 2 tn (z) = js n j 02 tn (z);
where jaj = p (a; a) for = h n ; g n ; q n ; t n . Moreover, let z be the K ahler form induced by the metric of ! X=Y along f 01 C (z). Then, there is a Hermitian metric v n of H 0 (f 01 C (z); Thus, we have 0 log det(v n (e i ; e j )) O(n r 2 01 log(n)):
Hence, we obtain our claim.
Let us go back to the proof of our theorem. By the isometry (8.2.1.8), we get 0b c 1 (det Rf 3 (F n ); h n ) = 0b c 1 (det g 3 (G n ); g n ) + b c 1 (det Q n ; q n ) + b c 1 (det R 1 f 3 (F n ); e 0an t n ) 0 a(a n ) = 2 b c 1 (det Q n ; q n ) + b c 1 (det R 1 f 3 (F n ); e 0a n t n ) + a (maxf0a n ; 0g) 3 + [0b c 1 (det g 3 (G n ); g n ) + a(minf0a n ; 0g)] : Here we set On the other hand, it is obvious that b c 1 (det R 1 f 3 (F n ); e 0a n t n ) and a (maxf0a n ; 0g) is semi-ample at y with respect to S. By Claim 8.2.1.9, b c 1 (det Q n ; q n ) is semi-ample at y with respect to S. Thus, n is semi-ample at y with respect to S. Hence we get our theorem. 2
